COMINUSCULE PARABOLICS OF SIMPLE FINITE 
DIMENSIONAL LIE SUPERALGEBRAS 



DIMITAR GRANTCHAROV 1 AND MILEN YAKIMOV 2 

Abstract. We give an explicit classification of the cominuscule parabolic subal- 
gebras of all complex simple finite dimensional Lie superalgebras. 

Cominuscule parabolic subalgebras of simple finite dimensional Lie algebras play an 
important role in representation theory, geometry, and combinatorics. In the complex 
case the corresponding flag varieties are Hermitian symmetric spaces of compact type 
[H] . There has been a lot of research on properties of Schubert varieties in those 
spaces, see Chapter 9 of [BLJ for a comprehensive survey. More recently it was 
proved that many results for Schubert calculus on Grassmannians extend to those 
jPSol ITYj and that the totally nonnegative part of cominuscule flag varieties can 
be described much more explicitly than the general case in terms of Le diagrams 
JFj ILW] . The standard Poisson structure on cominuscule flag varieties also has special 
properties: the (finitely many) orbits of the standard Levi subgroup are complete 
Poisson submanifolds |BGt IGY] and each of them is a quotient of the standard Poisson 
structure of the Levi subgroup. Finally, one should note that cominuscule parabolics 
have special properties in numerous other respects. 

Parabolic subalgebras of Lie superalgebras are much less well understood. In this 
paper we address the question of classification of all cominuscule parabolic subalgebras 
of the complex simple finite dimensional Lie superalgebras. One of the many equiv- 
alent definitions of a cominuscule parabolic subalgebra of a simple finite dimensional 
Lie algebra is that it is a parabolic subalgebra with abelian nilradical. Already the 
case of s[(m\n) presents an intrinsic example of parabolic subalgebras, which should 
be considered cominuscule in the super sense. The standard Z-grading of $l(m\n) 
gives rise to two maximal parabolic subalgebras whose (pure odd) "nilradicals" are 
abelian. 

In order to define cominuscule parabolics in the super case, we first reexamine 
the definition of a parabolic subalgebra and nilradical. Unlike the classical (even) 
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case there is no uniform definition of either of the two notions in terms of Borel 
subalgebras and maximal nilpotent ideals, respectively. For the first one we work 
with root subalgebras. Let g be a complex simple finite dimensional Lie superalgebra 
and f) be a fixed Cartan subalgebra. Denote by A the set of roots of g with respect 
to t). For a G A let g a be the corresponding root space. We call a subalgebra I of g 
a root subalgebra if it has the form 



for some subset $ C A. If A is symmetric (i.e. A = —A), then we call a proper 
subset P of A a parabolic set of roots if 

A = P U (-P) and a,(3 e P with a + (3 G A implies a + (3 e P. 

If A 7^ —A, then P C A will be called parabolic if P = P D A for some parabolic 
subset P of AU(— A). We will call a subalgebra of g parabolic if it is a root subalgebra 
as in (10. ip for a parabolic subset of roots $ C A and contains f). In other words, 
given a parabolic subset of roots P, then the corresponding parabolic subalgebra of 
is 



For a symmetric root systems A and a parabolic set of roots P C A, we call 
L := Pfl (— P) the Levi component of P, iV + := P\(— P) the nilradical of P, and 
P = L U iV + the Levi decomposition of P. In the nonsymmetric case (A ^ —A) 
one cannot use the same formulas, since N + = P\(— P) is generally not closed under 
addition (i.e. a, /3 E N + , a + (3 G A does not imply a + (3 G iV + ). If A ^ -A, then 
we choose a parabolic subset P of A fl (—A) such that P = P fl A, and define 



We call L := L fl P a Levi component of P, iV + = iV + fl P a nilradical of P, and 
P = L U iV + a Levi decomposition of P. We note that in the nonsymmetric case the 
definition of a Levi component and nilradical of P essentially depends on the choice 
of a parabolic subset P of A fl (—A). We refer the reader to Remarks 1 1 . 71 and 13 . 3 1 for 



Let P be a parabolic subset of roots of g. For a Levi decomposition P = L U N' 
of P we define the subalgebras 
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L = P n (-P) and iV 
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of pp, and call them a Levi subalgebra and nilradical of pp. This gives rise to the 
semidirect sum decomposition gp = I x n + , which will be called a Levi decomposi- 
tion of pp. (Here and below the symbol x will stand for semi-direct sums of Lie 
superalgebras.) 

We call a parabolic subalgebra pp of g cominuscule if it has a nilradical n + , which is 
abelian. In this paper we investigate the parabolic subalgebras of all complex simple 
finite dimensional Lie superalgebras g. On a case by case basis we classify all of their 
cominuscule parabolics. One remarkable consequence of our classification is: 

Theorem 0.2. Each cominuscule parabolic subalgebra of a complex simple finite di- 
mensional Lie superalgebra has a unique Levi decomposition. 

For each cominuscule parabolic subalgebra we describe explicitly its Levi subalgebra 
[ and the structure of its nilradical n + considered as an [-module. 

We call a parabolic set of roots of g cominuscule if pp is a cominuscule parabolic 
subalgebra of g. In the classical even case, one approach to comuniscule parabolic 
subalgebras is through the properties of their root systems. Our treatment is based 
on the following super version of this approach, which we prove in Proposition 11.161 

If g is a simple finite dimensional Lie superalgebra and g ^ S(n),g ^ S'(n), 
g 7^ psl(3|3) ; then a parabolic subset P of A is cominuscule if and only if it has a 
nilradical N + such that for every a, (3 in N + , a + ft ^ A. 

This is deduced from the fact that for all g ^ S(n),g ^ S'(n), g ^ psl(3|3): 

if a, 0, a + e A, then [fl a ,/]^0. 

(In the super case the root spaces g a can have dimension more than 1 and generally 
[fl^fl^] 8 a+l3 -) We classify the cominuscule parabolic subsets P of A using the 
above result and combinatorial arguments for root systems. We prove that a version 
of the above result is still valid for g = psl(3|3) and g = S(n), S'(n). In this case one 
has to identify the root systems of psl(3|3) and S(n), S'(n) with subsets of the root 
systems of s((3|3) and W(n), respectively, and compute the sums of roots a + (3 in the 
root systems of the latter family of Lie superalgebras (see §2.21 and §4.21 for details). 

For each simple finite dimensional Lie superalgebra g with root system A there is 
a canonical Weyl group that acts on the set of its parabolic subsets of roots and per- 
mutes the cominuscule parabolic subsets of A. We classify the cominuscule parabolic 
subsets of roots of g up to the action of this Weyl group. For the different types of 
simple Lie superalgebras the Weyl group is described as follows. If g is a classical 
Lie superalgebra, then $jg is a reductive Lie algebra. Its Weyl group W S5 acts in a 
canonical way on the set of the parabolic subsets of A and permutes the cominuscule 
parabolic subsets of A. We classify the cominuscule parabolics of the basic classical 
Lie superalgebras and the strange classical Lie superalgebras up to the action of this 
group in Sections [2] and [31 respectively. The second family of Lie superalgebras con- 
tains nonsymmetric root systems A. Those are the first ones for which we establish 
the validity of Theorem 10.21 Finally the classification of cominuscule parabolics of 
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the Cartan type Lie superalgebras is carried out in Section HI In this case % has a 
canonical Levi subalgebra [g. Its Weyl group acts in a natural way on the set of 
parabolic subsets of A and permutes the cominuscule parabolic subsets of A. The 
latter are classified up to the action of the Weyl group Wi 5 . 

To keep the size of the paper down, we will not summarize the results of the 
classification theorems of Sections El [31 and HI The subsections of those sections 
are labeled by the corresponding simple Lie superalgebras, so the reader can easily 
search those results. Another interesting corollary of our classification is that all 
cominuscule parabolic sets of roots for simple finite dimensional Lie superalgebras are 
principal, i.e. they come from triangular decompositions of the root systems (see §1.21 
for definitions). 

We expect that the class of cominuscule parabolics of simple Lie superalgebras will 
play an important role, similar to the ones in the even case. In particular, we expect 
that parabolic induction from such will behave well and that the cominuscule super 
flag varieties will have many special properties distinguishing them from general super 
flag varieties. 

We finish the introduction with several notational conventions, which will be used 
throughout the paper. We will denote the standard representations of g[(p) and Ql(p\q) 
by V p and V p ^ q , respectively. The same notation will be used for the restrictions of 
these representations to the subalgebras of $l(p) and Ql(p\q). We will use S k and f\ h to 
denote the kth (super) symmetric power and (super)exterior power, respectively. For 
a module M , M* will stand for its dual module. We will follow [P] in our notation 
for Lie superalgebras, except that we will denote by S'(n) the Lie superalgebras 
series denoted by S(n) in [P]. For a Lie superalgebra a, a' will stand for its derived 
subalgebra [a, a]. Set-theoretic unions will be denoted by U and disjoint unions will 
be denoted by U. 

1. Parabolic sets of roots and parabolic subalgebras 

This section contains some general facts about parabolic sets of roots and para- 
bolic subalgebras of simple finite dimensional Lie superalgebras g. We define Levi 
components and nilradicals of parabolic sets of roots, and use those to define Levi 
subalgebras and nilradicals of parabolic subalgebras of g. In the special case of princi- 
pal parabolic sets of roots those recover the triangular decompositions of g. We define 
cominuscule parabolic subalgebras and establish a relationship to the properties of 
the related parabolic sets of roots. 

1.1. Levi decompositions of parabolic sets of roots. In what follows, unless 
otherwise stated = 0o © 01 W1U denote a simple finite dimensional Lie superalgebra 
over C (see [K] and |Sch] for details). A Cartan subalgebra f) = f)g © f)i of g, is by 
definition a selfnormalizing nilpotent subalgebra. Then f)g is a Cartan subalgebra 
of go, and t)i is the maximal subspace of gi on which f)g acts nilpotently (see |PS| 
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Proposition 1] for a proof). We denote by A = A(g, I)) the roots of q with respect to 
t). Thus A = {a G f)i, a ^ | g Q ^ 0}. For i G Z/2Z we set A, = {a G A | gf ^ 0}. 

Definition 1.1. Let A fre £/te root system of a simple finite dimensional Lie super- 
algebra. If A = — A ; we will call a proper subset P of A a parabolic set of roots 
if 

(1.2) A = PU(-P) and 

(1.3) a, (3 £ P with a + (3 G A implies a + (3 G P. 

If A ^ — A, PC A u>iZZ 6e called a parabolic subset if P = Pfl A /or some parabolic 
subset PofAU (-A). 

Next we define a Levi decomposition of a parabolic set of roots. 

Definition 1.4. Let P be a parabolic set of roots of the root system A of a simple 
finite dimensional Lie superalgebra. 

(1) If A = -A we will callL : = Pn(-P) the Levi component of P , N + := P\(-P) 
the nilradical of P, and P = L U iV + the Levi decomposition of P. 

(2) If A ^ —A, then we choose a parabolic subset P of A fl (—A) such that 
P = P H A and set 

L = pn(-P), iv + = p\(-P). 

We call L := L fl P a Levi component of P, N + = N + fl P a nilradical of P, and 
P = L U iV + a Levi decomposition of P. 

In the nonsymmetric case A ^ —A, the definition of a Levi component and nilrad- 
ical of P essentially depends on the choice of a parabolic subset P of A fl (—A) such 
that P = P fl A. We provide examples and discuss this further in Remarks 11.71 and 

El 

The following lemma contains several simple facts for the Levi components and 
nilradicals of parabolic sets of roots. 

Lemma 1.5. Let P be a parabolic subset of A and let P = Pfl A for some parabolic 
subset PofAU (- A) . SetL:=Pn (-P) and N± := (±P) \ (=pP) • Let L := L n A 
and N^ 1 := fl A be the Levi component and nilradical of P corresponding to P. 
Then 

A U (—A) = N~ U L\J N + , A = N~ ULUN + , 

and 

L = LU(-L), N± = N± U (-iV T ). 

If aL,ct' L G L and ajq± 1 a' N ± G N^ 1 then 

(i) — «tv± G A implies —a^± G iV T ; 

(ii) o>l + a N ± G A implies + a N ± G N ± ; 
(Hi) ctL + ol L G A implies ai + ct' L G L; 
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(iv) a^± + a' N± G A implies a^± + a.' N ± G N ± . 

Proof. The set theoretic identities are easy to deduce and are left to the reader. 

Since P~ = L U N~ = {L U N~) fl A is a parabolic subset of A, it is sufficient to 
prove (i)-(iv) for L and N + . From the definition of L and iV + it also follows that it 
is enough to consider the case of A = —A, i.e. P = P. 

For (i), if — ajv+ G P then G P fl (-P), which is a contradiction. Assume 
that + G L in (ii). Hence —a^ — G L which together with G L 
imply ±a^v+ G P leading to a contradiction. If + oi h G iV + in (iii), then by (ii), 
otL = —a' L + («l + a' L ) G iV + , which is a contradiction. Finally, for (iv), assume that 
«tv+ + «tv+ ^ L. Then —0;^+ — 0;'^+ G L and 0;^+ G imply — a' N+ G L by (ii), 
and again we reach a contradiction. □ 

1.2. Principal parabolic sets of roots. Let V be a finite dimensional real vector 
space such that A C V \ {0}. A partition A = A~ U A U A + is called a triangular 
decomposition of A if there exists a functional A G V* such that A = A fl KerA and 
A = {a G A I A(a) ^ 0}. A subset P of A is called a principal parabolic set if there 
exists a triangular decomposition A = A~ U A U A + such that P = A U A + . In 
such a case we write P = -P(A). 

Proposition 1.6. Every principal parabolic subset P of the set of roots A of a simple 
finite dimensional Lie superalgebra is a parabolic subset of A. The set A is a Levi 
component of P and A + is a nilradical of P. 

Proof. Consider the principal parabolic subset of A U (—A): 

P = {a G A U (-A) I A(a) > 0}. 

It is clear that P is a parabolic subset of A U (—A) and that P = Pf] A. This implies 
the first statement. For the second statement, observe that 

L = P n (-P) = {a G A U (-A) I A(a) = 0} = A U (-A ) 

and 

iV + = P\(-P) = {a G A U (-A) I A(a) > 0} = A + U (-A~). 

Therefore L = ZnA = {aGAU (-A) | A(a) = 0} n A = A and iV + = iV + nA = 
{ae AU(-A)|A(a) > 0} n A = A+. □ 

Remark 1.7. A principal parabolic subset P of A can have different Levi decompo- 
sitions when A 7^ —A. Given P, define the polyhedron 

(1.8) T(P) = {A G V* I A(a) > 0, Va G P, A(a) < 0, Va G A\P}. 

(Here and below we use the term polyhedron in the wide sense as a subset of a real 
vector space, which is an intersection of a finite collection of open and closed half 
spaces.) There are some immediate consequences of the inequalities in (\l.8\1 . For 
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instance, the first condition in (jl.8p implies A(a) = ; Vet G ? n (— P). For eac/j 
functional A G F{P) define 

L(A) = {a G A | A(a) = 0}, JV+(A) = {a G A | A(a) > 0}. 

It follows from Proposition \1.6\ that P = L(A) U A^ + (A) is a Levi decomposition of 
P, VA G J~{P)- This Levi decomposition is the same for points A in the interior of 
a fixed face of T{P), but differs for points A that belong to the interiors of different 
faces of J~(P). This is further illustrated in Remark \3.3[ 

The converse to the first statement of Proposition 11.61 is true for finite dimensional 
reductive Lie algebras (see, for example, |Bol Proposition VI.7.20]). More generally, 
we have (see |DFG} Proposition 2.10]): 

Proposition 1.9. Let q be a quasisimple regular Kac-Moody superalgebras and let P 
be a parabolic subset of A. Then P is a principal parabolic subset of A. 

The simple finite dimensional Lie superalgebras which are not Lie algebras are: 
sl(m\n) for m ^ n, psl(m\m), osp(m\2n), D(2,l;a), F(4), G(3), sp(n), psq(n), and 
the Cartan type superalgebras W(n), S(n), S'(n), and H{n). For the restrictions on 
the parameters m, n, and a as well as isomorphisms among the superalgebras listed 
above we refer the reader to jK]. Among those, the quasisimple regular Kac-Moody 
Lie superalgebras are sl(m\n) for m ^ n, osp(m\2n), D(2, 1; a), F(A), and G(3), (see 
|S2j). Proposition 11.91 applies to them, i.e. all parabolic sets of roots for them are 
principal. 

1.3. Cominuscule parabolic subalgebras. Recall from §l.ll that f) denotes a fixed 
Cartan subalgebra of the simple finite dimensional Lie superalgebra g and that A = 
A(g,t)) denotes the corresponding set of roots of g. For a G A, we will denote by g a 
the corresponding root space. We will call a subalgebra of g a root subalgebra if it has 
the form 



(1.10) 




for some subset $ C A. We will call a root subalgebra of g parabolic if [ D \) and $ 
is a parabolic subset of A. 

Definition 1.11. Let P be a parabolic subset of the set of roots A of a simple finite 
dimensional Lie superalgebra g with respect to a Cartan subalgebra f) and 



(1.12) 
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be the corresponding parabolic subalgebra. Given a Levi decomposition P = L U N + 
of P we define the subalgebras 



of pp, and call them a Levi subalgebra and a nilradical of pp, respectively. The 
semidirect sum decomposition pp = I x n + will be called a Levi decomposition of pp. 

In the classical even case (gj = 0) the root system is symmetric A = — A and the 
above decomposition pp = I x n + is precisely the Levi decomposition of pp for the 
unique Levi subalgebra [ containing f). 

The next definition singles out the class of cominuscule parabolic subalgebras. 

Definition 1.14. We call a parabolic subalgebra of a complex simple finite dimen- 
sional Lie superalgebra g cominuscule, if has a nilradical which is abelian. A parabolic 
subset P of the set of roots A of g will be called cominuscule if the corresponding par- 
abolic subalgebra gp is cominuscule. 

If g is a complex simple finite dimensional Lie algebra, then Definition 11.141 singles 
out exactly the class of cominuscule parabolic subalgebras of g which contain the 
fixed Cartan subalgebra F). 

In the Appendix we will prove the following proposition. 

Proposition 1.15. Let g be a simple finite dimensional Lie superalgebra, g ^ S(n),g ^ 
S'(n), g 7^ psl(3|3), f) be a Cartan subalgebra of g, and A be the corresponding root 
system. If a, (3, a + (3 e A, then 



We note that in the super case, a, f3, a + (3 G A does not imply 

The next proposition generalizes an important property of cominuscule parabolic 
subalgebras which holds in the classical (even) case. It reduces the problem of classi- 
fication of cominuscule parabolics of simple finite dimensional Lie superalgebras to a 
problem for the corresponding root systems and will be extensively used in the paper. 

Proposition 1.16. Let g be as in Proposition \1.15i A parabolic subset P of the set 
of roots of g is cominuscule if and only if it has a nilradical N + such that for every 
a, (3 in N + , a + (3 £ A, 

Proof. If a parabolic subset of roots has the above property, then for all a, (3 e iV + , 
[fl a ; ] = 0- Therefore the nilradical n + of the parabolic subalgebra pp corresponding 
to iV + is abelian, cf. (11.121) and (11.131) . and thus pp is cominuscule. 

In the other direction, assume that the parabolic subset of roots P is cominuscule. 
Let iV + be a nilradical of P such that the corresponding nilradical n + of g given by 





and n 




a 
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(I1.13P is abelian. If there exist a,/J 6 iV + such that a + G A, then by Proposition 
I1.15| [fl",^] 7^ 0. This is a contradiction since g a and g 13 are subspaces of the 
nilradical of the parabolic subalgebra gp. Therefore for all a, (3 in N + , a + (3 ^ A, 
which completes the proof of the proposition. □ 

Remark 1.17. The cases g = psl(3|3), g = S(n) and g = S'(n) require special 
attention and modifications of Proposition [JTT5\ in these cases are established in $2.2\ 
and §^.4 respectively. 



The classification of all cominuscule parabolic subsets established in the next sec- 
tions implies the following result. 

Theorem 1.18. All cominuscule parabolic subsets of the simple finite dimensional 
Lie superalgebras are principal. 

1.4. Passing to subalgebras. We will need the following lemma for reduction of 
cominuscule parabolics to certain subalgebras. Its proof is straightforward and will 
be left to the reader. 

Lemma 1.19. Let g be a simple Lie superalgebra and f) be a Cartan subalgebra of g. 
Let a be subalgebra of g, which is either a simple superalgebra or an (even) reductive 
Lie algebra. Assume that a Hi) is a Cartan subalgebra of a and that a| an fi 5 7^ /3 1 anfjo 
for all roots « / (3 of g. Let A be the root system of g with respect to f) and A be 
the root system of a (considered as a subset of A) with respect to afl f). 

If P is a parabolic subset of A, then P (1 A a is either equal to A a or to a parabolic 
subset of A a . In the latter case, if P = L U iV + is a Levi decomposition of P, then 
P n A = (L n A ) U (iV + n A ) is a Levi decomposition of P n A a . 

Finally, we will make extensive use of the classification of cominuscule parabolics 
of classical simple Lie algebras. We recall it below for completeness. We will use the 
notation of [BoJ for the root spaces of sl(n), so(2n), so(2n + 1), and sp(2n). 

Proposition 1.20. The following list describes the Levi components and nilradicals 
of all cominuscule parabolic sets of roots for the finite dimensional simple Lie algebras 
g of type A, B, C, and D up to the action of the Weyl group W g of g. 

(i) L,[(„)(no) = {e-i - £j | i ^ j <n or i ^ j > n } and N^ n) (n ) = {si - Sj \ i < 
n <j}, l<n <n- I, for g =sl(n). 

(ii) L so( 2n+i) = {±£i ± Ej, ±6i\j>i> 1} and A^+ (2n+1) = {e x ± e h e x \ j > 1} for 
g = so(2n + 1). 

(Hi) L sp{2n ) = {e k - €i \ k ^ 1} and N+ {2n) = {e k + e h 2e k \ k ^ 1} for g = sp(2n). 
(iv) For g = so(2n), n > 2: 

L M pn)(l) = {±Si ± 6j, \j>i>l} and A^+ (2n) (l) = {e 1 ± Sj \ j > 1}, 

L S0 ( 2n )(n) = {ei-e j} \i=£j} and N+ (2n) (n) = {e^ + Sj \ i^j}, 

L S0{2 n)(n) = (9L 50(2n) (n)) and N^ o{2n) (n) = 0{N+ {2n) (n)), 
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where 6 is the involutive automorphism of the Dynkin diagram D n that preserves 
Si — e i+ i, i < n — 1, and interchanges e n _\ — e n and e n _i + e n . 

For convenience we will also use the notation from Proposition 11.201 (i) for n = n, 

1. e. for g = sl(n) we set L s{ ^{n) := A and N^,An) = 0. 

2. Classification of the cominuscule parabolics of basic classical Lie 

superalgebras 

In this section we classify the cominuscule parabolic subsets of all basic classical 
Lie superalgebras. Fix such a Lie superalgebra g and a Cartan subalgebra f) of it. 
Denote, as before, the set of roots of g with respect to I) by A. For this class of 
superalgebras, the even part gg of g is a reductive Lie algebra. The Weyl group W B5 
of the even part Qq acts on the root system A of g and thus on the parabolic subsets 
of A. (Each element of the Weyl group of the even part w G W 05 can be lifted to 
an automorphism a w of g stabilizing f), which induces an automorphism of the set of 
roots. The later does not depend on the choice of a w and by abuse of notation will 
be denoted by w.) It is obvious that, if a parabolic subset P of A is cominuscule, 
then w(P) is cominuscule for all w G W. We will classify the cominuscule parabolic 
subsets of A up to the action of the Weyl group W B6 . 

In all proofs P will denote a cominuscule parabolic set of roots in A. Since A is 
symmetric, in the definition of a parabolic subset P of A there is no need to consider 
a parabolic subset P (i.e. P = P), and P has a unique Levi decomposition. The 
latter is given by P = L U N + , where the Levi component is L = P R (— P) and the 
nilradical is N+ = P\(-P). Set Pg := ^HAg, Lg := I-HAg, and := iV+H Ag. By 
Lemma I1.19[ either Pg = Ag or Pg is a parabolic subset of Ag with Levi component 
Lq and nilradical . As in Definition 11.111 we will denote by t and n + the Levi 
subalgebra and nilradical of pp. 

2.1. g = sl(m\n), m ^ n. In this case gg = sl(m) ©sl(n) ©C with Ag = {ei —£j, o~k — 
Si | 1 < i 7^ j < m,l < k ^ I < n) and Aj = A[uA[, where Af := {ifo-tfj) | 1 < 
i < m, 1 < I < n}. We introduce the following sets of roots 

L s \{ m \n){m \n ) := {e { - e s \i,j < m or i,j > m } 
U{5fc — Si, | k, I < n or k, I > n } 
L\{±(ei — Si) | i < m , 1 < n or i > m , 1 > n } and 

N im\ n )( m o\ n o) ■= {^i - sj \ i < m < j} U {S k -S h \k<n <l} 

U{ei - S h S k - Sj | % < m < j; k <n < I}. 

Set P s t( m \n)(rn \n ) := L si{m \n)(rn \n ) U N+ (mln) (m \n ) . Note that, if m = n = 
or m = m,n = n, then P s i( m \ n )(mo\no) = A. In all other cases P S [( TO | n )(^ol n o) is 
proper. It is clear that A = {-N+^ n) (m \n )) U L s [( m | n )(m |n ) U ^ B j (m|n) (m |n ). 



COMINUSCULE PARABOLICS OF SUPERALGEBRAS 



11 



Theorem 2.1. Every cominuscule parabolic set P of roots of sl(m\n), m 7^ n, is 
conjugated under the action of the Weyl group W s u m ) x W s u n -\ of Qq to a unique subset 
of the form P s i( m \n)( m o\ n o) for some m , n Q , such that < m < m, < n < n, and 
(mo, no) 7^ (0,0), (m,n). For the Levi subalgebras and nilradicals of the corresponding 
parabolic subalgebras, we have that I = sl(m Q \n Q ) ©s[(m — m \n — no) © C and as an 
{-module n+ = V molm © (V m - m °\ n - n °y . 

Recall from the introduction that V p ^ q denotes the standard representation of 
sl(p\q). 

Proof of Theorem [HU Let JVt* := N + (1 {ei - ej | 1 < i ^ j < m} and 

K l{ n) ■= N + n{5 k -5i\l<k^l kI}. Obviously, iV+ = N+ m) U iV+ (n) . 

By Proposition ll.9[ we know that P = -P(A) is a principal parabolic set of roots 
determined by some functional A. Let A(ej — Ej) = x,- L — Xj,A(5k — S[) = — yi, and 
A(si — 5k) = Xi — yk for some X{ and yk such that x\ + . . . + x m + yi + . . . + y n = 0. 

Case 1: JVt > 7^ and N£,s 7^ 0. Proposition 11.201 implies that P is conjugated 
under the action of the Weyl group W s u m ) x W sl ( n ) to a unique parabolic subset with 

Lq — { £ i — £ j \ h j < m o or 2, j > m o} LI {<5fc — 5/ I A;, / < no or A;, / > n } and 
-/Vg" = {ei -ej,S k - Si \i < m < j; k < n < 1} 

for some 1 < mo < m — 1, 1 < n < n — 1. Let us rename P so it has the 
above even Levi component and nilradical. Since AL- = and A\ N + takes positive 

values we have that xi = ... = x mo = x, x mo+ i = ... = x m = x', y x = ... = 
Vn = V, Vno+i = ■ ■ ■ = Vn = y' for some x,y,x',y' su ch th at x > x', y > y', and 
m x + (m — m )x' + n y + {n — n )y' = 0. By Lemma 11.161 we have that e mo — 5 no 
is not in N + and thus x < y. Indeed, since S no — S no+x G A^ + , if e mo — 5 no G N + , it 
would force e mo — S no+x = (e mo — 5 no ) + (5 no — <5 no +i) G N + which contradicts to P 
being cominuscule. On the other hand, since 5 no — e mo we have y < x, and 

consequently x = y. Similarly, e mo+ i — 5„ +i and d~ no +i — £ mo +i are not in N + and 
hence x' = y' . The conditions x — y, x' — y', and x > x' determine completely P and 
imply that L = L s{i . m \ n) (m \n ) and N + = N^ n) {m \n ) . 

Case 2: N^,*. 7^ and N^,-. = 0. Like in the previous case, P is conjugated under 
the action of W s i( m ) x W s i( n ) to a unique parabolic subset such that 

Lo — { £ i — £ j I h j < m o or J > m o} L — Si\l<ky^l<n} and 
A^g" = - £j I i < m < j} 

for some 1 < mo < m — 1. We rename P accordingly. Then from A|^ 5 = and 
A]^ > we find x x = • • • = x mo = x, x mo+1 = ... = x m = x', y x = . . . = y n = y, 
for some x, x', y such that x > x' and m x + (m — m )x' + ny = 0. By Lemma 11.161 
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we have that e mo+ i — 8\ and 8\ — e mo are not in N + . This leads to x > y > x'. We 
proceed with three separate subcases. First, if x = y > x' we have 

L = Lq U {±(^j — 81) | % < m , 1 < / < n} and 
N + = iV g + U {4 - ej I j > too, 1 < fc < n}. 

In this case L = L s((m | n )(m |n) and iV + = N^ m ^(m \n), i.e. n = n. 
Second, if x > y = x', then 

L = Lq U {±(^j — I j > m , / < k < n} and 
iV + = iV g + U fa - 5i | i < mo, 1 < / < n}. 

This leads to L = L S [ (m | n )(m |0) and N + = iy^ m j n -j(mo|0), i.e. n = 0. 

And third, if x > y = x', we have that £\ — 5k, 8k — e m G N + for every A;, so P is 
not cominuscule. 

Case 3: A^t > = and -A^ltx 7^ 0. Similarly to the previous case we verify that P 
is conjugated under the action of W s ^ m ) x W s i( n ) to a unique parabolic subset of the 
form P B[ ( m | n )(0|n ) or P sl{m \ n) (m\n ). 

Case 4-' N^, m s = and N^,s = 0. In this case 

L 5 = {si - Ej I 1 < % j < to} U {8 k - 81 I 1 < k I < n} and A^ + = 0. 

We have that x\ — . . . — x m — x and y\ — . . . — y n — y. We easily see that x 7^ y, 
which leads to L = Lq and 1 = Qq. Depending on whether x > y or x < y, we obtain 
N+ = {Ei - 81 I 1 < i < to, 1 < I < n} or N+ = {8 k - e } | 1 < j < to, 1 < k < n}. 
These cases correspond to mo = m, tiq = 0, and mo = 0, uq = n, respectively. □ 

Remark 2.2. The cases tuq = 0,uq = n and mo = m,no = correspond to the 
"standard" triangular decomposition A = A^ U Aq U A^ ; namely to P = Aq U Aj" 
and P = Aq U A^ , respectively. 

2.2. g = psl(n|n). In this case Qq = si{n) ©sl(n). By abuse of notation denote by 
{ex, . . . ,£ n ,5i, . . . , 5 n } the images of the standard basis elements of h* g i( n \ n ) under the 
canonical projection f)* 1(n | n) i-> Thus, ex + . . . + e n = 81 + . . . + 8 n . Then 

{n n n n 

i=l j=l i=l j=l 

Consider the natural surjective linear map f)g ( („| n ) — > ^p S [(„|„) defined in terms of (12.31) 
by 

(2.4) E{ 1 — y Ei — cr, <5j 1 — ^ 6j — (X, 1 < z, j < n, 
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where a = (X^ILi £ i + YH=i /(^n). Then, under the map (|2.4p . the set of root of 
psl(n\n) is identified with the one of sl(n\n) (and, hence, of g[(n|n) as well). Define 

L ps i( n \n)(m \n ) := {e { - | i, j < m or i, j > m } 

U{5fc — Si, \ k,l < n or k,l > n } 
U{±(£j — Si) \ i < m , / < n or 2 > m , / > n } and 

^[(ninjHoIno) := {ei - Sj \ i <m < j} U {5 k - Si, \ k < n < 1} 



Set Pp S i(n|„)(m ,ra ) := Lp el ( n \ n )(m , n ) U iV+, (n | n) (m , n ). Similarly to the case of 
g = sl(m|n), for m = n = and m = n = n, P ps i( n \n)( m o\ n o) — A, and for all 
other pairs (mo, no) Pp s i(n\n)( m a\ n o) is a proper subset of A. 

Recall that the Lie superalgebras psl(n\n) are not regular Kac- Moody superalge- 
bras. Although there are parabolic subsets of psi(n\n) that are not principal parabolic, 
every parabolic subset P of Ap S [( n | n ) is the image of a parabolic subset P of Ag[( n | n ) 
under the map (12 .4p . see |DFG[ §3]. Since g[(n|n) is a quasisimple regular Kac-Moody 
superalgebra, Proposition 11.91 applies to P. Furthermore, using the commutation re- 
lations in g[(n|n), one can verify that Proposition II . 151 is valid for g = gl(n\n), n > 2. 
Although this proposition fails for q = psl(3|3) (take for example: a = e\ — S\, 
(3 = 62 — 62, a + (3 = S3 — £3), we have the following modification. 

Lemma 2.5. Let g = psl(3|3) and a, (3 G A be such that a + f3 7^ 0. Then [g a , g^] 7^ 
if and only ifa+f3 G A g[ ( n | n ). Here the root systems offy* sl , n > n j and l)g[( n i n ) are identified 
via the map \2.4\) and the sum a + (3 is taken in h* s i( n \ n ) ■ 




Proof. It is sufficient to show that, under the above conditions on a, (3 G A, there 
exist x a G g a and xp G g 13 such that [x a , Xp] 7^ 0. We can choose any nonzero elements 
of gl(3|3) a and gt(3|3)^ and consider them as elements of g a and g 13 , respectively. Then 
using the fact that Proposition 11.151 is valid for g[(3|3), we complete the proof. □ 
In view of the above lemma, to obtain a classification of the cominuscule parabolic 
subsets of psl(n\n), one has to modify the proof of Theorem 12.11 for g = g[{n\n) and 
then transfer the classification to g = psl(n\n). The details are left to the reader. 

Theorem 2.6. (i) Let n > 2. Every cominuscule parabolic set of roots of g = 
psl(n\n) is conjugated under the action of the Weyl group W s u n \ x W s i(n) of gg to a 
unique subset of the form Pp S Un\n){ m o\ n o) ; su °h that < m < n, < n < n and 
(mo, no) 7^ (0,0), (n, n). Furthermore, for the Levi subalgebras and nilradicals of the 
corresponding parabolic subalgebras we have I = sl(mo|no) © sl(n — mo|n — no) and 
n+ = V molno ® (v n - m oW-n y as [. mo dules. 

(ii) Every cominuscule parabolic set of roots of g = psl(2|2) is conjugated under the 
action of the Weyl group W s i(2) x W s t(2) of gg to P ps [( 2 |2)(l|l) with 1 = sl(l|l) ©s[(l|l) 
and n + = V 1 ' 1 © (V 1 ' 1 ) as an [-module. 



U{ei - Si, S k - Sj I i < m < j;k < n < /}. 
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2.3. = osp(2m + l\2n),m > 1. In this case 0g — so(2m + 1) ©sp(2n) with A = 
{±£i ± £j, ±£j, ±5 k ± ±2o~ fc | 1 < i 7^ j < m, \ < k ^ I < n} and Aj = {±£j ± 
5 k , ±5fc | 1 < z < m, l<fc< n}. Set 

£ sp(2m+l|2n) := {±£i ± £ j , ±£i \ j > i > 1} L\ {±5 k ± 5[, ±25 k \ k ^ 1} 



Theorem 2.7. Every cominuscule parabolic set of roots P of osp(2m + l|2n) con- 
jugated under the action of the Weyl group W SB{2 m+i) x Wsppn) o/flo to P sp(2m+i|2n)- 
For i/ie Levi subalgebra and nilradical of the corresponding parabolic subalgebra, we 
have [ = osp(2m - l|2n) © C and n+ = V 2m ~^ 2n as an {-module. 

Proof. Let N+ := iV+ n {±£i, ±e { ± ej \ 1 < i ^ j < m} and N+ := iV+ n {±4 ± 
5 h ±25 k | 1 < k I < n}. Obviously, N-+ = N+ U N+. 

Case 1: ^ 0. By Proposition 11.201 P is conjugated under the action of the Weyl 
group of sp{n) to a parabolic subset subset with iV+ = {5 k + 5i, 25 k | 1 < k ^ I < n}. 
In particular, 5 k and 25 k are in iV + which by Lemma H. 161 contradicts the assumption 
that P is cominuscule. 

Case 2: iV+ 7^ and iV+ = 0. Using Proposition 11.201 again we have that up to the 
action of the Weyl group of so (2m + 1), 

Lq = {±Ei ± Ej, ±£j I j > i > 1 U {o~ fc — 5; I k, I < n or k, I > n } and 
iV 5 + = - ej, 5 k - 5i I i < m < j; k <n < I}. 

Lemma [1.51 implies that ±5 k and ±e, ± 5 k are in L and thus £1 ± 5 k £ N + . Hence 
L = L osp{2m +i\2n) and N + = iV+ p(2m+1|2n) . 

Case 3: N+ = iV+ = 0. In this case P is not a proper subset of A. □ 

2.4. g = osp(l|2n). In this case go = sp(2n) with A g = {±5 k ± 5 h ±25 k | 1 < k 7^ 
I < n} and Aj = {±4 | 1 < fc < n}. 

Theorem 2.8. There are no cominuscule parabolic sets of roots of osp(l\2n). 

Proof. If iV + n Aq 7^ 0, using the same reasoning as in case 1 in the proof of 
Theorem 12.71 we reach a contradiction. In the case N + D Ag = one easily proves 



05p(2m+l|2rc) 



L\{±5 k , ±Ei ± 5k, I i > 1} and 

{£1 ± Ej, e x I j > 1} U {e x ± 5 k I k > 1}. 



and P c 




osp(2m+l|2n)' 



that P = L = A. 



□ 
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2.5. q = osp(2m\2n),m > 1. We have g = so(2m) © sp(2n) with A 5 = {±Ei ± 
Ej, ±S k ± 5i, ±25k | 1 < i 7^ j < m,l < k ^ I < n} and Aj = {±£j ± 5fc | 1 < i < 
m, 1 < k < n}. Define the following sets of roots: 

{Si -Sj\i^ j} U{6 k -6i\k^l}U {±(e, t -S k )\i,k> 1}, 
{ei + ej, \i ^ j} U {5 k + 5t, 25 k \k^l}U {s^ + 5 k \i,k> 1}, 
{±Ei ± £j I j > i > 1} U {±4 ± (J,, ±25 fe | fc ^ /} 
U{±e<±^ | i > l,k > 1}, 
{ei±e,- |j>l}U{£i±4 | 1}, 

#£osp(2m|2n)(^), 
^ iV ot P (2 m |2n)( m ) ) 

where # is the involutive automorphism of the Dynkin diagram corresponding to the 
base {5i — S2,---,6 n — Ei,Ei — E 2 ,..., e m -\ —£ m , £ m -i +£ m } that interchanges the last 
two simple roots and preserves all other roots (cf. Proposition II .20) ) . 

Theorem 2.9. There are three orbits of cominuscule parabolic sets of roots of osp{2m\2n) 
under the action of the Weyl group W S0 (2m) x W sp ( 2n ) of qq. The parabolic subsets 
P with the corresponding Levi superalgebras I and nilradicals n + (considered as l- 
modules) are listed below. 

(i) Posp(2m\2n)(m) 1= L osp{2m \2n) (™) ^ N ^p( 2m \2n)( m ) with 1 ~ dK m \ n ) and ^ + = 
y m \n_ 

(H) P 0S p{2m\2n){^) ■= L osp{2m \2n) (1) U N+ p{2ml2n) (l) with 1 S osp(2m - 2|2n) © C and 

~ y2m— 2\2n 

(Hi) P sp(2m\2n){m) = L 0Bp{2m \ 2n) (m) U A^ sp(2m | 2n) (m) with [ = Ql(m\n) and n+ = 

ym\n _ 

Proof. Let A so(2m) = {±e i ±e j | 1 < i ^ j < m}, A sp(2ri) = {±5 k ±5 h 2±5 k | 1 < k ^ 
I < n}. Define L so := L H A S0 ( 2m ), AT+ := H A so(2m ) and L sp := L H A sp(2n ), iV+ := 
n A sp(2n) . Obviously, L = L so U L sp and iV + = N+ U 
By Proposition 11.91 we know that P = P(A) is a principal parabolic set of roots 
determined by some functional A. Let A(ej) = x iy A(5 k ) = y k for some Xi and y k . 

Case 1: ^ and iVjt ^ 0. Proposition II .201 (iii) implies that in the W sp ( 2n )-orbit of 
P we have a parabolic subset with L sp = {5 k — 5i \ k ^ 1} and Ni = {5 k + 5i, 25 k \ k ^ 
/}. Next, following Proposition 11.201 (iv). we consider three sub-cases for the W so ( 2m )- 
orbit of P. 

Case 1.1: L so = L soi2m) (l) and N+ = A^+ (2m) (l). In this case x 2 = . . . = x m = 0, 
X\ > 0, and y\ — . . . — y n > 0. But then e 2 + 5i and — e 2 + 5i are in and 
(e 2 + 5i) + (— e 2 + 5\) G A, which contradicts the assumption that P is cominuscule. 



L sp(2m\2n) 

^osp(2m|2n)( m 
L sp(2m\2n) (1 

'^ r o0p(2m|2n)(-'- 
L sp{2m\2n){m 

N os p( 2m ,\ 2n ){ m 
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L S0 (2m)(m) and N+ = N+ m) (m). Now x\ = x 2 



Xr 



x > 



y n = y > 0. If x > y then e\ - 8 h 28 1 G N + with (e x - 8i) + 25i G A, 



Case 1.2: L B 
and y\ - 

which contradict the assumption that P is cominuscule. Similarly if y > x we use 
that 8i ± ei G N + and reach a contradiction. It remains to consider x = y. In this 
case one verifies that L = L osp (2m\2n) (m) and iV + = N' 



m 



Case 1.3: L s 



6L 



so(2m) 



[m) and AC! 



0N: o{2m) {m 



11.201 and Case 1.2. We obtain L = ^L osp ( 2m |2n) 

5. In this case y\ 



oep(2m|2n.) ' 

This follows from Proposition 
m) and N + 



9N o S p(2m\2n)( m ) 



Case 2: N+ ^ 
three subcases for 



and 

5p 



Case 2.1: L s 



L S0 (2m)(l) and N+ 



N. 



so(2m) 



x\ > 0. This leads to L = £ sp(2m|2n)(l) and iV + 



Case 2.2: L s 



id N+ = N+ 



■ ■ — Vn — 0- We consider again 
1). We have X2 = ■ ■ ■ = x m = and 

N os p(2m\2n)(^)- 

(m). In this case X\ — . . 



X m > 0. 



^o(2m){m) ana ,, so - - so(2m) * 
In this case S\ — 8\,e% + 8\ G iV + with (ex — Si) + (e 2 + #i) G A, which leads to a 
contradiction. 

Case 2.3: L so = 6L S0 (^ m ){m) and N^ = dN^ 2m Jm). Using Case 2.2 and Proposition 
ll.20( iv) we reach again a contradiction. 

Case 3: = and ^ 0. In this case X\ — . . . — x m — and yi — . . . — y n > 0. 
We now have that ei + 5i, —ex + 5i G A^ + with (ei + 5i) + (— e x + 5i) G A, again a 
contradiction. 



Case ^: AT+ = N+ = 0. In this case P = L = A. 



□ 



2.6. g = 05p(2|2n). We have g = C ©sp(2n) with A = {±5 k ± <J,, ±24 | 1 < Jfe ^ 
/ < n} and Aj = {±ei ± 8 k | 1 < k < n}. Let us define the following sets of roots: 



^03p(2|2n) 



AT 



(0) 

osp(2|2n)(0) 
L 0S p(2\2n) (n) 

K S p{2\2n)( n ) 
L 0S p(2\2n) (n) 

^osp(2|2n) ( n ) 



A 8 , 

A+ = {ex ±5 fe | A; > 1}, 
{4-5, | k^l}U{±(e 1 -6 k ), \k>l}, 
{6 k + 6 h 28 k \k^l}U{e 1 + 8 k \k> 1}, 
{8 k -8 l \k^l}U{±(e 1 + 8 k ), \k>l}, 
{5 k + 6i,25 k \ k^l}U {-e x +S k \k>l}. 



Note that L osp{2 \2n){n) = rL 0S p(2|2n)(n) and N osp{2]2n) (n) = ^^p(2|2n)( ra )' where r is the 
automorphism of the Dynkin diagram of the base {61—62, ■ ■ ■ , 5„_i— 5„, 5 n — ex, 5 n +ex} 
of A that interchanges the last two roots and preserves all other roots (one can think 
of r as the diagram automorphism that interchanges £x with —ex). Note also that 
rA± = -Af . 
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SetP osp(2 | 2n) (0) := L osp(2 | 2n) (0)UA^+ p(2|2n) (0),P OB p ( 2|2n)(^) := A^(2|2n)(0)UAT+ p(2|2n) (n), 
and P BS p(2\2n)(n) : = L 0sp{2 \2n){n) U N osp(2l2n) (n). 

Theorem 2.10. There are four orbits of cominuscule parabolic sets of roots of Q — 
osp(2|2n) under the^action of the Weyl group W sp ( 2 n) o/flo-' Posp(2\2n){0) , --P s P (2|2n)(0)E 
P sp(2\2n)( n ) , an d P sp(2\2n)( n ) ■ The corresponding Levi subalgebras I and nilradicals 
n + (considered as [-modules) are given by I = sp(2n) © C, n + = V 2n in the first two 
cases, and I = s[(l|ra),n + = S 2 1/ 1|n in the last two. 

Proof. By Proposition 11.91 we have P = P(A) for some functional A. Let A(ei) = 
x, A(5k) — Uki k — 1, . . . , n, for some x and y^ in C. 

Case 1: ^ 0. Due to Proposition 11.201 (iii) we may assume that Lg = L sp ( 2 n) and 
Nq = N^, 2n y Thus yi = . . . = y n = y > 0. We proceed with three sub-cases. 

Case 1.1: y > \x\. In this case ±e + 5\ are in and their sum is a root, which is a 
contradiction. 

Case 1.2: y < \x\. Similarly to the previous case we reach a contradiction with the 
assumption that P is cominuscule. For example, if — x > y > x > we have that 
—Si — ei and 25 1 are in A^ + . The other cases are analogous. 

Case 1.3: y = \x\. It easily follows that in the case y = x we obtain P = P sp(2\2n){n), 
while in the case y = —x we find P = P sp(2\2n)( n )- 

Case 2: Nq = 0. In this case y 1 = . . . = y n = 0, and in particular L = Ag. Depending 
on the sign of x we have P = P 0S p(2|2n)(0) or P = -P O s P (2|2n)(0). □ 

2.7. = D(2, 1; a). We have g = sl(2) © sl(2) © sl{2) with A = {±7; | i = 1, 2, 3} 
and Ai = { 2 (±7i ± 72 ± 73)}. Here ±7, denote the roots of the i-th copy of sl(2) in 
qq. In this case we will classify the cominuscule parabolics of g up to the action of the 
group S(A) = W B5 x 5*3, where S3 acts by permutations on {71, 72, 73}. (In fact S(A) 
is the group of automorphisms of A.) By considering the action of a larger group 
than Wqq we avoid a longer list of similarly behaved cominuscule parabolics. We leave 
to the reader to reconstruct from this the H^ 05 -orbits of cominuscule parabolic subsets 
of roots of D(2, 1; a). 

The root system of q coincides with the root system of osp(4|2) and an explicit 
isomorphism A g ->■ A osp(4 |2) is provided by: 71 i->- e x + e 2 , 72 >-)■ e x - e 2 , 73 25 x . 
Using this equivalence and Theorem 12.91 one easily verifies the following. 

Theorem 2.11. There is only one orbit of cominuscule parabolic sets of roots of 
.0(1, 2; a) under the action o/S(A): Pd(i,2;o) = Ld(i,2;<x) U N D (i >2 -a), where L D (i t2 - a ) = 



one can certainly consider -P O sp(2|2n)(0) as rP osp ( 2 |2n) (0). 
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{±73, \ (±(7i - 72) ± 73)} and N+^ 2;a) = {71,72, §(71 + 72 ± 73)}- For the corre- 
sponding Levi subalgebra and nilradical we have I = gl(2|l) and n + = /\ 2 V 2 ' 1 as an 
[-module. 

2.8. g = F(4). We have g = so(7) © sl(2) with Ag = {±Ei ± e s , ±e is ±7 | 1 < i ^ 
j < 3} and Ai = {\ (±e 1 ±e 2 ±e 3 ± 7)}. Here {±e l ± e,-, ±£; | 1 < i ^ j < 3} 
denote the roots of so(7), while ±7 denote the roots of sl(2) in gg. 

Theorem 2.12. There are no cominuscule parabolic sets of roots of F(A). 

Proof. By Proposition 11.91 we have P = -P(A) for some functional A. Let A(£j) = 
Xi, A(j) = y, % = 1, . . . , 3, for some x^ and y in C. 

Case 1: N+ n {±Ei ± e j} ±e u ±7 | 1 < i ± j < 3} ^ 0. Due to Proposition QUI 
(ii) we may assume that fl {±£j ± e^, ±£j, ±7 | 1 < i ^ j < 3} = ATj^. Thus 
Xi > 0, x 2 = x 3 = 0. But then ±e 2 ) £ N + and their sum is a root, which implies 
that P is not cominuscule. 

Case 2: N + fl {±£j ± Ej, ±£j, ±7 | 1 < i ^ j < 3} = 0. In this case X\ = x 2 = x 3 = 0. 
If y > then ^(^±7) £ N + which contradicts again to the fact that P is cominuscule. 
The case y < is similar to the case y > 0, while for y = we obtain P = A. □ 

2.9. g = G(3). We have g = G 2 0*1(2) with A = - £ i; ±£ i; ±7 | 1 < i ^ j < 3} 
and Aj = {±|, ±£j ± ^ | 1 < i < 3}. Here £1 + e 2 + £3 = and {si — Ej, ±£j | 1 < 
i 7^ j < 3} denote the roots of G 2 , while ±7 denote the roots of sl(2) in gg. 

Theorem 2.13. There are no cominuscule parabolic sets of roots of G(3). 

Proof. By Proposition 11.91 we have P = -P(A) for some functional A. Let A(&j) = 
Xi, A(7) = y, i = 1, 2, for some Xj and y in C. Since G 2 has no cominuscule parabolic 
sets of roots we have that fl {si — Ej, ±£, | 1 < i 7^ j < 3} = 0. This implies 
x\ = X2 = 0. In the case y > we have that ±£1 + | 6 iV + and their sum is a root, 
which contradicts with the fact that P is cominuscule. The case y < is similar, 
while for ?/ = we obtain P = A. □ 

3. Classification of the cominuscule parabolics of strange classical 

Lie superalgebras 

In this section we classify the cominuscule parabolics of the two strange classical 
Lie superalgebras g = psq(n) and g = sp(n). As in the case of the basic classical Lie 
superalgebras, for these superalgebras the even part gg of g is a reductive Lie algebra. 
Analogously to the previous section, the Weyl group W % of gg acts on the root system 
A of g (and thus on A U (—A)). This action induces an action of W Ss on the set of 
parabolic subsets of A, which preserves the class of cominuscule parabolic subsets of 
A. We will classify the cominuscule parabolic subsets of A up to this action of the 
Weyl group W % . 
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In all proofs we will assume that P = P n A is a cominuscule parabolic set of roots 
for some parabolic subset P of A U (—A) for which the corresponding nilradical n + 
of pp is abelian, recall Definition 11.41 The root system of psq(n) is symmetric (and 
P = P for g = p5q(n)), while the one of sp(n) is not. We will use the notation L, N + , 
I, and n + from Definitions 11.41 and 11.111 Set Pg := P H Ag. By Lemma [1.191 either 
Pg = Ag or Pg is a parabolic subset of gg with Levi component Lg := L fl Ag and 
nilradical Nf := N + n Ag. We also set P" = L U JV - = (-P) n A and N~ = N~nA 

where N~ = (— P)\P, cf. Lemma 11.51 Then P~ is a parabolic subset of A and 
P~ = L U iV~ is a Levi decomposition of P~ . The corresponding Levi decomposition 
of the parabolic subalgebra pp- of g is pp- = t x n~, where n - := ® Q6A r- g a . 



3.1. g = psq(n). In this case gg = sl(ra) with Ag = Aj = {ei — Ej \ 1 < i ^ j < n}. 
Because A coincides with the root system of s\ n one can easily modify Proposition 
11.201 (i) and obtain the classification of the cominuscule parabolic subalgebras of 
psq(n). For 1 < n < n - 1, set L psq{n) (n ) = L sl{n) (n ), N^ (n) (n ) = N sKn) (n ), 

and P psC \(n)( n o) = Psi(n)( n o)- The details are left to the reader. For the next theorem 
we introduce some notation. Recall that q(m) is the Lie superalgebra of all matrices 



1 < n o < n ~ 1; denote 



sq(n , n - n ) := {(X, F) G q(n ) © q(n - n ) | otr(X) + otr(F) = 0} , 

and set psq(n ,n — no) := sq(n ,n — no)/(CId). In particular, psq(l,n — 1) ~ 
psq(n — 1, 1) ~ psq(n — 1). 

Theorem 3.1. There are n — 1 orbits of cominuscule parabolic sets of roots of Q — 
psq(n) under the action of the Weyl group W s ^ n ) of Qq with representatives P ps ^ n )(n ), 
for 1 < no < n— 1. The corresponding Levi subalgebras I and nilradicals (considered 
as {-modules) are given by I = psq(n ,n - n ) and n + = V n °\ no ® (V" n -"o|n-n )* > 

3.2. g = sp(n). We have gg = sl(n) with Ag = {e^ — Sj \ 1 < i ^ j < n} and 
Aj = {±(£j + £y),2£j | 1 < i < j ' < n}. Since A ^ —A, we need to pass to the 
parabolic subsets of A U —A. On the other hand A U (—A) coincides with the root 
system of sp(2n), hence all parabolic subsets of A U (—A) are principal, cf. §1.21 Let 




where A and B are m x m matrices. We set otr(X) := trP. For no, 
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us define the following sets of roots: 



L s p(n)(0) 

*J(„)(0) 

^sp(n)(^o) 



J sp(n) 



Ao, 

Ar 



+ ^-,2^ I z < j}, 



i < j}, 



i<n < j}, 



■ {ei - Sj < n or i,j > n } U {±(e< + 
: - £j | z < n < j} U {£j + Ej | z < j < n } 

U{-Ei - Ej \ i> j > n }, 

■ {Ei - I i, j < n} U {±(e< + £j)> 2£ » I i < 3 < n }> 

■ {-E n ±£j | j < Tl}, 

for 1 < n < n - 1. Set P s p (n )(n ) := L sp ( n) (n Q ) U iV+ (n) (n ) for < n < n 



,n 



*i(„)(n) 



Theorem 3.2. There are n + 2 orbits of cominuscule parabolic sets of roots of Q — 
sp(n) under the action of the Weyl group W B \{ n ) °f So ™^ representatives -P s p(n)(^o) 
/or < n < n and -P sp („)(0) = — -P s p( n )(0). -AW cominuscule parabolic sets of roots 
have unique Levi decompositions and the Levi subalgebras { and nilradicals (considered 
as {-modules) of the above parabolics are given by: 

• I s[(n), n+ = 5 2 V", tl" = /\ 2 (V n )* for n = 0; 

• I S s[(n |n - n ), n + £ SY" !""" , /or 1 < n < n - I; 

• I £ sp(n - 1) © C, n+ S / or ™ = n . 

Proof. Since A U (—A) coincides with the root system of sp(2n), all parabolic sets 
of roots of A U (—A) are principal. We consider A U (—A) as a subset of a real vector 
space V with basis {e, | 1 < i < n}. We have P = -P(A) for some functional A on V. 
Let A(£j) = Xj, 1 < z < n, for some Xj G R. 

Case -Z: ./Vg" ^ 0. By Proposition 11.201 we have that, up to the action of the Weyl 
group W sX[ n) of go, L-q = L S [ (n) (n ) and = A" s[(n) (n ) for some n , 1 < n < n - 1. 

y, for some x and y such that x > y. 



no 



X n 



Thus xi = . . 
We proceed with three subcases. 

Case 1.1: x + y > 0. We have that E\ — E n and E\ + E n are in A r+ and their sum is a 
root, which is a contradiction. 

Case 1.2: x + y = 0. We have that x = — y > 0. In this case L = L sp ^(no) and 
N + = N Mn) {n ). 

Case 1.3: x + y < 0. If no < n — 1, then £j — £ n _i and — £i — E n are in A^ + and 
their sum is a root. It remains to consider the case no = n — 1. We easily see that 
±(£j + £j) are not in A^ + for every i,j > 1. Thus x = which leads to L = L sp ( n )(n) 
andiV+ = ATj (n) (n). 
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Case 2: = 0. In this case Ag C Lg an d in particular X\ — . . . — x n — x. If x > 
we obtain P = -P s p(n)(0), while for x < we have P = -P sp ( n )(0). 

The isomorphisms for the Levi components [ and the structure of the nilradicals as 
[-modules are straightforward and are left to the reader. □ 
We extend Remark ll.7l with an illustration of the nonuniquenes of Levi decompositions 
of parabolic sets of roots for the root system of sp(n). 

Remark 3.3. Denote the subset of roots 

P := {si ± Ej | 1 < i < j < n} U {2si | 1 < i < n} c A. 

Let us identify V* with R n , where A G V* \-> (A(e 1 ), . . . , A(e n )) . The polyhedron 
J~(P) defined in Remark \1.7\ is given by 

F{P) = {(xx, . . . , x n ) e W 1 | X! > . . . > x n > 0}. 

In particular, ^{P) is nonempty and P is a principal parabolic subset of A. Further- 
more, ^{P) has two faces with interiors 

{(xi, . . . , x n ) e R n | Xi > . . . > x n > 0} and {(xi, . . . , x n ) G W 1 \ x x > . . . > x n = 0}. 

The corresponding Levi components are given by 

L = and L = {2e n }, 

respectively. One easily generalizes this example to show that for every parabolic subset 
P of the root system ofsp(n), the polyhedron ^(P) has at most two faces. (The small 
number of faces is due to the fact that A\(— A) has only n roots.) The corresponding 
Levi decompositions of P are easily described in a similar fashion. 

4. Classification of cominuscule parabolics of Cartan type Lie 

superalgebras 

In this section we classify the cominuscule parabolic sets of roots of all Cartan type 
Lie superalgebras g. Each such Lie superalgebra has a natural Cartan subalgebra \). 
The corresponding root system will be denoted by A. In each case the even part qq 
has a natural Levi subalgebra lg such that [g D f) = f)g. The action of the Weyl group 
W[q of the Levi subalgebra [g on the root system of [g extends to an action of on A. 
For each parabolic subset P of A with a Levi decomposition P = LL\N + and w G W[ 5 , 
w(P) is a parabolic subset of A and w(P) = w(L) U w(N + ) is a Levi decomposition 
of w(P). Furthermore, P is cominuscule if and only if w(P) is cominuscule. Our 
classification amounts to classifying the orbits of cominuscule parabolic subsets of A 
under the action of the Weyl group W[ 5 of the Levi subalgebra [g of gg. 

Given a pair of integers j < k, set [j, k] := {j, . . . , k}. 
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4.1. g = W(n). Let g := = W(£i, . . . , £ n ) be the Lie superalgebra consisting 

of the superderivations of the Grassmann algebra AW = A(£i> ■ ■ ■ , £ n ). The ele- 
ments of W(n) have the form X^=i • • • > where G /\(n) and ^ are the 
derivations of AW such that ^-(6) — f° r all 1 < / < n. The standard Cartan 
subalgebra of W(n) is 

r s 

f) = Span <^ 1 < i < n 

Both AW and have natural gradings: AW = 0fc =o AWfc and = 

©fclii W(n) k , where 

n .9 

/\Wfc : = {p(^i> • • • I de gP = /i; } and W(n) fc : = {J^^^F I deg^ = /c + l}. 

z=i ^ 

In particular, W(ra) = gl(ra). Set AW>j : = fc >j AW* and w ( n )>j : = fc >i W(ra) fc . 
The Lie algebra go has the Levi subalgebra 

[ = W(n) D fje 

and nilradical 

< = 

fe>i 

The Weyl group W 7 ^ is isomorphic to the symmetric group S n . Its action on the root 
lattice of lg extends to actions on AW and W(n) by Lie algebra automorphisms: for 

a G S n , = x^, <T(d/d£i) = d/d^. 
For 1 < % < n denote 

si e 1)*, si f ) = 5 U . 



Given I = {ii, . . . , i^} C [1, n] and j G [1, n] such that j ^ 7, we set 
For 7 = {ii, . . . , C [1, n], set 

£/ . £jj -|- . . . -|- Ei h . 

The root system of g = W(n) is 

A = {stj I / C [l,n],j G [l,n],j £ 7} U {e 7 | 7 C [l,n]}. 
The corresponding root spaces are 

Q £l ' 3 = Span J-j 
for 7 = {ix, . . . ,i k } C [l,n], j G ([l,n]\7) and 

fl ej = Span|e il ...& fc 6^-|iG([l,n]V)} 
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for I = {i u . . . ,i k } C [l,n). 

Consider the subalgebra of q = W{n) 



\ d d . d 



l<i=£ j <n> Dt). 



Its root system, considered as a subsystem of A, is given by 

A s = {ei - Sj | 1 < i ^ j < n} U {±e, \ l<i<n}. 
We have the isomorphism 



d - d d 

(4.1) s S sl(l\n), H> E i+1J+1 - SijEn, &2J&^ ^ #t+i,i> ^ £? lj<+1 , 

for 1 < i 7^ j < n. 

Recall that the root system of sl(l|n) is 

{Si - Ej | 1 < i ^ 3 < n} U {±(5! - ej) | 1 < z < n}. 

(We interchanged the roles of e and S from §2.11 in order to align that notation to 
the standard one for W(n).) The root system of sl(l|n) is identified with A s via the 
isomorphism (14. ip and 8\ t- > 0. 

In order to describe the cominuscule parabolic sets of roots of W(n), we introduce 
the following sets 

L W (n){n ) = Q [l,n ]} U {e Id \ I C [l,n ],j G [l,n ],j <£ 1} 

U{£ IU{i}J | I C [l,n ),i^j G [no + 1, n]}, 

N w(n)( n o) = i £ i,j I J £ [l>no], j e [no + l,n]}, 

^(„)K) = {e/|/C[l,n],/^[l,n ]} 

U{ £jii | JC [l,n],I£ [l,n ],ie [l,n ],j^/} 
U{ejj |/C [l,n],j G [no + 1, n],j £ I,\ln [n + l,n]\ > 2}, 
where < uq < n and \S\ denotes the cardinality of a finite set S. The sets 

(4.2) P W (n){n ) = L w(n) {n ) U N+ (n) (n Q ) and p- (n) {n ) = L w(n) (n Q ) U N- {n) (n ) 

are principal parabolic subsets of A with respect to the functionals A no and — A no , 
where 

(4.3) A no (£i) = for i G [l,n ], A no (^) = -1 for i e [n + l,n\. 

In particular, A = N + (n ) U L(n ) U N~(n ) and the decompositions in (14. 2 p are 
Levi decompositions. Using Proposition 11.201 it is straightforward to verify that 
the sets Pw(n)( n o) are cominuscule, while the set -fpK(n)( n °) is cominuscule if and 
only if no = n — 1. Denote by lw(n){ n a) an d n w(n)( n o) ^he ro °^ subalgebras of 
W(n) corresponding to the sets of roots Lw(n){ n o) an d N^^(n ), and such that 
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lw(n)(n ) D f) and n ± (n ) D f) = 0, recall (jl.lOp . For 1 < k < I < n denote the 
subalgebra 



k<i,j<l 
of W(n). Clearly fl [[fc, /] = gl(l - k). 

Lemma 4.4. For all < n < n — 1 we /iai> e i/ie isomorphism of Lie superalgebras 
(iy(n)(%) = W(£x, . . . , £ no ) x (/\(£i,...,<U)®0^o + l,™]) , 

where the second term represents the Lie superalgebra which is the tensor product 
of a supercommutative algebra and a Lie superalgebra, and W(£i, . . . , £ no ) acts on 
A(£i> • • • > £no) by derivations. Moreover, we have the isomorphisms of lw(n)(n )- 
modules 

n W(n)( n 



= /\(Hi,...,U)®(V n - no y and 



n»l 

>1- 



For the module structure of the right hand sides we use the adjoint actions of the chain 
of Lie subalgebras gl[n + l,n] C W(£, no+ x, . . . ,£ n )>i C W(£ no+ i, . . . ,£ n ) and the (left) 
multiplication action of the supercommutative algebra • • • , £n ) 071 W(£b . . . , £ no ) 
and itself. The symbol (y n ~ n oy denotes the dual of the vector representation of 
gl[n + l,n]. 

The proof of of Lemma 14.41 amounts to a direct computation of the root algebras 
iw{n){ n o) an d n w( n )( n o) an d * s ^o ^ ne rea der. The next result classifies and 
describes the cominuscule parabolic sets of roots of W(n). 

Theorem 4.5. There are n + 1 orbits of cominuscule parabolic subsets of the root 
system of W(n) under the action of the Weyl group Wu = S n . The parabolic sets 
P = P W ( n }(n ), < n < n — 1, and P = Pw( n )( n ~~ -0 P rov ^de representatives of 
those orbits. They have unique Levi decompositions given by 

(4.6) Pw(n)(no) = L W (n){no) U N W ( n )(n ), < n < n - 1 and 

( 4 - 7 ) ^W™" 1 ) = L win) (n-l)UN- {n) (n-l). 

The Levi components lw(n)( n o) of the corresponding parabolic subalgebras of W(n) 
and their nilradicals %^(n)( n °) considered as lw(n)( n o) -modules are given by Lemma 



u 



Proof. Assume that P is a cominuscule parabolic subset of A, and that P = LUN + 
is a Levi decomposition of P. First we show that A s %. P. Indeed, if A s C P, then 
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±£j G L for all i G [1, n]. This implies that A = P, which contradicts to the condition 
that P is a proper subset of A. 

Therefore by Lemma fl. 191 Pf] A s is a cominuscule parabolic subset of A s . Observe 
that Sg = lo, thus W S5 = Wi = S n . Using Theorem 12. II and the isomorphism ( 14. II) we 
obtain that there exist integers < m < 1 and < n < n, (m ,n ) ^ (0,0), (l,n), 
such that P is conjugated under the action of Wu to a cominuscule parabolic subset 
of A such that 

(4.8) L n A s = L s (m ,n ) and iV + nA s = N+ (m ,n ), 
where 

(4.9) L 6 (m ,n ) = {£; - | z,j < n or i, j > n }, 

U{±£j | i < no if w^o = 1, i > no otherwise} 

(4.10) iV s +(0,n o ) = {£* - £,• | % < n < j} U { £i \ i < n }, 

(4.11) N+(l,n ) = {Si - e j \i<n < j} U {- £j \ j > n }. 

We conjugate P by an element of so that (14. 8p holds. 

We first consider the case mo = 0. If no > 1 then from (14.81) and (I4.10p we obtain 
£i,£2 G N + . Since e\ + e 2 G A, Proposition 11.201 leads to a contradiction. Thus 
n = 1. Lemma [1.51 implies that 

(4.12) L D { £l>j \I C[2,n),j e[2,n),j <£I}U{ £I \I <Z[2,n}}, 

(4.13) N + D {e {1}UIJ \ lC[2,n],je[2,n],j^I}U{e {1} ui\lC[2,n)}, 

where wo is the longest element of = S n . If any of these inclusions are strict, 
then P contains an element of the form ej t i, where I C [2,n], 1^1. Since ±ej G P 
for all j G [2,n], this would imply that —e\ G P. Therefore P = A, because e\ G P. 
This is a contradiction. Thus both inclusion (14. 12j) and (14. 13j) are equalities, which 
implies that w (L) = L w ^{n — 1) and w (N + ) = N^.Jn — 1), where w is the 
longest element of = S n . 

Now let m = 1. We will show that L = L w ^(n ) and iV + = N^^(n Q ). First we 
prove that 

(4.14) L D L w(n) (n ) and N + D N+ {n) {n ). 

Since for all i G [l,no], ±£j G L, Lemma 11.51 (iii) implies that for all I C [l,no], 
£/ G L, and for all 7 C [1, no] and j G [1, no], j 4- £ i,j = £ i ~ e j £ L. Similarly for 
all / C [1, no] and i ^ j G [n + l,n], £ju{i},j = £/ + (e* — 9) G L. This proves the 
first inclusion in ( }4,14|) . 

Since £/ G L for / C [1, n ] and by ( 14. lip — G iV + for j G [n + 1, n], Lemma [TTSl 
(ii) implies that £jj G iV + , under the same conditions on I and j. This proves the 
second inclusion in ( I4.14p . 



26 



DIMITAR GRANTCHAROV AND MILEN YAKIMOV 



To prove that the inclusions in (I4.14p are equalities, we need to show that 
(4-15) PniV- (n) (n o ) = 0. 

First we show that 

(4.16) ei £P, for JC [l,n],I% [l,n ]. 

Assume the opposite. Then — Sj G N + , Vj G / fl [n + l,n] and Lemma H~5l (ii), (iv) 
imply that £/n[i,n ] = £ i + 12jein[n +i n](~ £ i) e Since we already showed that 

£ in[i,n ] G L, this contradicts with L fl N + = 0. 

Next we prove that ejj P for / C [l,n], I % [l,n ], j G [l,no]. If this is not 
the case, then Ej G L, Wj G [1, n ] and (11.21) imply that Ej = Ejj + Sj G P, which 
contradicts with (I4.16p . 

Finally, we prove that eij P for / C [l,n], j G [n + l,n] such that j ^ I and 
| J H [n + l,n]\ > 2. Assume the opposite and choose i G / fl [n + l,n]. Then 
Ej — Ei G L, Wj G [no + 1, n] and ( 1 1 . 3 p imply that £i\{i} = £ij + (£j — £i) G P, which 
again contradicts with (I4.16P since /\{«} ^ [l,^o]- 

This proves that each cominuscule parabolic set of roots for W{n) is conjugated 
under the action of the Weyl group Wi 5 to one of the sets 

(4.17) P = P w{n) (n ), < n < n - 1, and P = P w{n) {n - 1), 

and that those parabolic subsets are principal and have unique Levi decompositions 
given by (I4.6p - (l4.7p . It remains to show that none of those parabolic sets are in the 
same W^-orbit. Since (g = Sg, the set of roots A s is stable under the action of Wi Q . 
If two parabolic sets of roots of W(n), P and P' are conjugated under W[ 5 , then 
P'H A s G ^(PnA s ). Since 

V)W nA « = L s (l,n )UN+(l,n ), l<n <n-l, 

P W(n)( n - 1 ) nA * = m(L s {l,n-l)UN+(0,n-l)), 

where wo is the longest element of Wu = S n , Theorem 12.11 implies that none of the 
parabolic sets (I4.17P are in the same l¥[ 5 -orbit. □ 

Remark 4.18. Following the proof of Theorem \4-5\ we may define alternatively the 
sets Lw( n )(n ), Nw( n )(n ), and Nw(n)( n °) as the unique sets L,N + ,N~ that satisfy 
the properties of Lemma X 1.161 and such that ±£j G L, 1 < i < no, £j G N~ , —£j G N + , 
n <j< n. 

The proof of Theorem 14.51 implies the following result. 

Corollary 4.19. If n > 1, then the cominuscule parabolic subset of roots P S {( no ){ n o) 
ofW{n)o has a unique cominuscule parabolic W {n)- extension: Pw(n)(no). The comi- 
nuscule parabolic subset P B[ ( no )(l) has two distinct extensions: Pw( n )iX) andwoP^^in— 
1). The cominuscule parabolic subsets of roots P S [(i| n )(l|^o) of s = sl(l\n) have no 
cominuscule parabolic W (n)- extensions for n > 1. In all other cases, P B i(i\n)(jno\no) 
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has a unique cominuscule parabolic W(n)- extension P S i(i\ n )( r mo\ n o) : -Pai(i|n)(0|l) = 

P W(n)( n ~ l ) and ^l(l|n)(l|"o) = Pw(n){no) for < Ti < U ~ 1. 

Remark 4.20. There are two important particular cases in Theorem \4-5[ The first 
such case is n = when we have I = W(n) , n + = W(n)_i and n~ = W{n)>\. The 
other case is n = n—1 which corresponds to I = W(n — 1) x (fll(l) ® /\(n — 1)), and 
n + and n~ are isomorphic to f\(n — 1) <g> V* and W(n — 1) <8> respectively, where 
V is the standard one dimensional fll(l) -module. 

Theorem 14.51 also implies: 

Remark 4.21. All cominuscule parabolic sets of roots ofW(n) are principal parabolic 
subsets with junctionals defined in fl^.3j ]. 

4.2. g = S(n) and g = S'(n). There are two associative superalgebras of differen- 
tial forms defined over /\(n), namely Q(n) and 0(n). The superalgebra Q(n) has 
generators d£i,...,d£ n and defining relations d& o d^j = d^j o degd£j = 0, 
while the superalgebra 0(n) has generators 9£i, . . . ,9£ n and relations 9& A 9£j = 
—9^j A 0£j,deg0£j = 1. Note that the differentials d and 9 are derivations of degree 
1 and respectively. Let \i n := 0£i A . . . A 0£ n be the standard volume form in O(n) 
and /xj, := (1 + £i ■ ■ ■ £ n Vn- 

Every derivation D of W(n) and every automorphism $ of f\(n) extend uniquely 
to a derivation D d and an automorphism $ d (respectively, -D e and $ £l ) of f2(n) (resp., 
0(n)) so that [D d , d] = and d] = (resp., D e 6f-6D e f = and $ e 6f-6J> e f = 
for every / G f\(n)). We denote by S'(n) the Lie superalgebra {D G VK(n) | D e (n n ) = 
0} and by S"(n) the Lie superalgebra {D G W(n) | D 9 (/i' n ) = 0}. Since S'(2k + 1) = 
S*(2A; + 1) we consider 5"(n) only for even numbers n. In explicit terms we have: 

S(n) = Spm {^|- + ^|-|/ e /\( n ),l<M<n}, 

S'(n) = Sp m {(l-6...W (f!: + J|!-) |/EA(n),U = l,..,n}. 

In particular, S(ra)o = S'(n)o — sl(n). Set S(n)>j := © i>;) - S(n)i. Note that 5"(n) 
is not a graded Lie subalgebra of W(n), but it has a filtration induced by the filtration 
{^(ra)^}^ of W(n). The corresponding graded superalgebra is isomorphic to S(n). 

We fix the Cartan subalgebra of S(n) to be t)s(n) — §w(n) H S'(n) and set f)s'( n ) = 
f)5( n ) for even n. The root systems of S(n) and 5"(n) coincide and can be described 
as follows. Denote by is '■ S(n) — > W(n) the natural inclusion. Let Ag( n ) be the set 
obtained from Ajy( n ) by removing the n roots £[i, n ]\{i}, 1 < i < n: 

A s(n ) = {e/j | / C [l,n], j G [l,n], j i 1} U { £j | |/| < n - 2}. 
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The kernel of the restriction map Lg\^ : f)^ n ) — > fy*s( n ) equals C(ei + . . . + e n ). 

Throughout this subsection, we will identify the root system A S ( n ) with A s ^ via l* s . 
In particular, by abuse of notation, for a root a G As( n ), we will write a instead of 
i*s( a )- All sums of roots of As( n ) wm De computed in f)^^ y i a this identification. 
The root spaces of S(n) are described as follows: 

d_ 
W 



S(n) e 'j =Span £ n . . . & fe 

for / = {«!, . . . ,i k } C [l,n], j ^ J and 

S(n) £ ' = Span . . . & U,^- - £m^) | Z, m e ([1, n)\I) 

for / = {h,...,ik} £ [l,n]. 

On the other hand, the root spaces of S'(n) coincide with those of S(n) except for 
S"(n)~ £j , j = 1, ... ,n. For the latter root spaces we have 



S"(n) 



Span|(l-^...^ n )^-| 



The following lemma can be proved using the explicit description of g a with the 
same reasoning as in the proof of Proposition II. 151 for g = W(n). 

Lemma 4.22. Let q = S(n) or g = S'(n), and let a, (3 G Agu) be such that a + (3 ^ 0. 
Then 

(i) [S a ) 9 13 ] ^0«/ and only if a + f3 G A w{n) for g = S(n); 

(ii) \_Q a ,Q^~\ /0 i/ and only if a + (3 G Aw(n) or a = —Si, (3 = —Ej, some i ^ j, 
for g = S'(n). 

Recall that we identify As( n ) an d As(n) and the sum a + (3 in (i) and (ii) is taken 

We define L s(n) (n ), N+ {n) (n ), N~ {n) (n ), P S ( n )(n ), and P~ (n) (n ) with the same 
formulas that we used for the corresponding sets in §4.11 

Contrary to W(n), S(n) does not have a subalgebra whose root system is {±£i, Si — 
Ej | i 7^ j}- However, we may define a monomorphism i w : VK(n) — > S(n + 1) by 

d d d f d d 



, ^ . ^ . ^ ^ . ,n ^ ^ . ^ 

for j ^ {ii, . . . ,i fc }. 

The Lie algebra [g := S(n) = S'(n) is a Levi subalgebra of S(n)o and S'(n)o 
containg \)g/ n ) and fjs/( n ). The Weyl group is isomorphic to the symmetric group 
S n . It acts on S(n) and S'(n) by Lie algebra automorphisms and on the correspond- 
ing root systems, as follows. The automorphisms a G S n from §4.11 leave invariant 
the volume forms /i n and fi' n . Thus each o G S n preserves S(n) and S'(n). The 



COMINUSCULE PARABOLICS OF SUPERALGEBRAS 



29 



corresponding action of S n on the root systems of S(n) and S'(ri) is simply the re- 
striction of the action of S n from Aw( n ) to As( n )- The following theorem classifies 
the cominuscule parabolic subsets of roots of S(n) and shows that each of them can 
be obtained by restricting a cominuscule parabolic subset of roots of W(n). 



Theorem 4.23. (i) There are n+1 orbits of cominuscule parabolic subsets of the root 
system of S(n) under the action of the Weyl group = S n . The parabolic subsets 
Ps(n)( n o); < n < n — 1, and P = PZJn—l) provide representatives of these orbits. 
Each cominuscule parabolic subalgebra of S(n) has a unique Levi decomposition. The 
Levi subalgebra 1 and the niradicals n + and n~ of the above cominuscule parabolic 
subalgebras can be obtained by intersecting the corresponding subalgebras of W(n) 
described in Theorem 4-5 with S(n). 

(ii) The Lie superalgebra S'(n) has no cominuscule parabolic subsets. 



Proof. We start with q = S(n). Let P be a cominuscule parabolic subset of A and 
P = L U N + be a Levi decomposition of P for which the coresponding niradical n + 
of pp is abelian, recall Definition 11.111 Let N~ be as in Lemma 11.51 

For simplicity of the notation in this proof we set A = Ag( n ) and A B[ ( n ) = A s ^ . 
Assume first that N + fl A S [( n ) ^ 0. Then by Proposition 11.201 there exits no, 1 < 
no < n — 1, such that after conjugating P by an element a G S n we have L fl A s( („) = 
Lsi( n )(na) and iV + fl A S [( n ) = N^ n ^(no). We proceed with a case-by-case verification 
using Lemma [4.221 

Case 1: £\ G iV + . Then Ej = e\ + (Ej — £i) G iV + for every j < no. In particular, P 
is not cominuscule if no > 1 since £\ + Ej G Aw( n ), cf. Lemma 14.221 If no = 1, then 
Ej G L for every j > 1. Indeed, if Ej ^ L, then either Ej G N + or —Ej G iV + , which 
together with E\ G leads to a contradiction since E\ ± Ej G A^( n ) . From here it 
is not difficult to verify that P = WoPg,Jn — 1). 

Case 2: E\ G N~ . For j < n , (Ej — E\) G L, and for j > n , (Ej — £\) G N~ . Thus 
for all j, Ej — £± + (Ej — £i) G iV - and — Ej G N + . It is easy to conclude from here 
that P = P5( n )(0), which is a contradiction to iV + fl A sl ( n ) ^ 0. 

Case 3: E\ G L. Now we have Ej — Ei + (Ej — £i) G L for every j < n . If E n G L, 
then we + (e^ —£„) G L for all i > n . Thus £„6i implies Ej G L for all j and 

hence L = P = A, which is a contradiction. If E n G iV + , then Ei = £ n +(Ei— e n ) G iV + , 
which is again a contradiction. It remains to consider the case when E n G N~ . Then 
Ej G N~ for j > n . From here one easily verifies that P = Ps(n)( n o)- 

Now we assume N + fl A s[ ( n ) = 0, and hence A s[ ( n ) C L. Then either all Ej are in iV + 
or all Ej are in iV~. (Otherwise there will exist two indices i ^ j such that £j, — £j G 
A^ + , which contradicts to the assumption that P is cominuscule since Ei — Ej G A^( n ), 
cf. Lemma 14. 221 ) Using once again the assumption that P is cominuscule and Lemma 
I4.22l we rule out the case Ej G iV + , Vj since Ei+£j G A w r n ^, Wi ^ j. Therefore Ej G 
for all j, which leads to P = Ps( n )(0)- 



30 



DIMITAR GRANTCHAROV AND MILEN YAKIMOV 



The isomorphisms for the Levi subalgebras and nilradicals of the cominuscule par- 
abolic subalgebras obtained in this way are analogous to the W(n) case. The case 
g = S'(2l) follows from g = S(2l) and is left to the reader. □ 

Remark 4.24. The explicit isomorphisms for [, n + , and n~ are analogous to the 
Win) case but are rather lengthy and will be omitted. In the particular case uq = 0, 
we have I = S(n) , n + = S{n)-i and n = S(n)>i, while for n = n — 1, I = 
LwiWfa, Cn-i)), n+ 9* A(6, • • • , ® V* and n S(£ 1} £ n _x) <g> V, where 
V denotes the standard gl[n — 1 ^-representation. 

Remark 4.25. One can prove Theorem \4 . 5\ using the same reasoning as in the proof of 
Theorem 4-23. The advantage of the present proof of Theorem \4-5\ is that it provides 
a valuable connection between the cominuscule parabolics of $l(l\n) and W{n) (cf. 
Corollary 4-19) which is not obvious otherwise. 

Remark 4.26. All cominuscule parabolic sets of roots of S(n) are principal parabolic 
subsets with functionals defined in fl^.3| ). 

4.3. g = H(n). The Hamiltonian finite dimensional Lie superalgebras are defined by 
H{n) := {D G W(n) | D d u n = 0} and H(n) := [H(n),H(n)}. In explicit form: 

H{n) = Span|l) / :=^^A|/ G ^( n ) > /(0) = ) l<ij<n 

H(n) = ff(n)®C%.. { „. 

If we consider /\(n) as a Poisson superalgebra, then the map T> : /\(n) — > H{n), 
f t— > Df, is a surjective homomorphism of Lie superalgebras with kerD = C. In 
particular, [Df, D g ] = D {f>g} where {/, g} : = (-l) de ^ £? =1 ffft- 

The Lie superalgebra H(n) is a graded subalgebra of W(n). Set H{n)k = H{n) fl 
W{n)k, — 1 < k < n — 1. We have H{n)o = so{n). Every Cartan subalgebra 
f) of H(n) has a nilpotent part. An explicit description of such subalgebras can 
be found in Appendix A of |GP2| . We fix such f) for which f) fl H(n) equals 
Span {D^. +l I i — 1, . . . , [n/2]}. The root system of H(n) is given by A = {ei — 
Sj \ I, J C [1, [n/2]], I fl J = 0}, where Ej = Ylii^i e i an d the arithmetic of £j's is the 
same as in the case of Win). All roots vanish on f)g. Denote by A so („) the subset of 
roots corresponding to £f(n)o- 

The Lie algebra i?(n)o is a Levi subalgebra of gg. As in the previous two sub- 
sections, every element w of the Weyl group of i?(n)o can be extended to a Weyl 
automorphism cr M of if (n). This induces an action of on A an d on the se t °f 

parabolic subsets of A. We define 

L H {n) ■= {si-ej \I, Jc [l,[n/2]],/n J = 0, 1 g 1, 1 £ J}, 
N+ {n) := {e / -e J |J,Jc[l,[n/2]],JnJ = 0,le/}, 
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and P H{n) := L H{n) U N+ {n) . One easily checks that A = (~iV+ (n) ) U L H ( n ) U A^ (n) 
and that this is a triangular decomposition with respect to the functional A given by 
A(ei) = 1 and A(£j) = for i > 1. Therefore Pff( n ) is a principal parabolic set of 
roots and its Levi decomposition is Ph(u) = Lh( u ) LI -^H( n ) ■ Using Proposition 11.151 
one verifies that Pjj( n ) is a cominuscule parabolic set of roots. 

Theorem 4.27. Let q = H(n), n > 5, and I = [n/2]. The set of all cominuscule 
parabolic subsets of the root system of H(n) forms a single orbit under the action of 
the Weyl group Wn{n)o — Wso(n) ■ The parabolic subset Ph{u) provides a representative 
of this orbit. Moreover, the following isomorphisms hold for the corresponding Levi 
subalgebra I and nilradical n + (considered as an [-module): I = H(n — 2) <S> AW © ^ 2 > 
n+ ^ H(n-2) ©C. 

Proof. Let P be a cominuscule parabolic subset of A with Levi decomposition 
P = L U N + . If N + n A so(n) = 0, then one easily proves that that P = L = A. 
Assume that fl A so (n) ^ 0. We proceed with a case-by-case verification checking 
for which i, is in P. 

Case 1: n = 21 + 1. It follows from Proposition 11.201 (ii) that one can conjugate P by 
an element of W H{n)o so that L H A so(2m) = L so(2Z+1) and N + n A so(2m) = N+ {21+1) . 
This implies that E\ G and G L for i > 1. Now one easily obtains that 

P = Pff(2/+1)- 

Case n = 21. Following Proposition 11.201 (iv) we proceed with three subcases. 

Case 2.1: P fl A so(2 i) = L so{2l) (l) U N+(l). With the aid of Proposition [HI we 
easily find that e\ G N + and e$ G L, for all i > 1. Thus P = Ph(21)- 

Case 2.2: P fl A sp ( 2 i) = L S0 (2i)(l) U AT+, 2 „(£). Using again Proposition II. 161 we verify 
that £j G for all z = 1, 2, Z. Since Z > 2, this contradicts to P being cominuscule. 

Case 2.3: P fl A sp ( 2 2) = L so ^i){l — 1) U N^, 2l M — 1). We reach a contradiction in a 
similar fashion to the previous subcase. 

The isomorphisms for the Levi subalgebra and nilradical follow from the explicit 
description of the root spaces of H(n), see e.g. [GP21 Appendix A]. More precisely, 
we have: 

T = T>(^/\(C 2 ,... ,^,^+2,..., Q ® ^l+l /\(^2,... ,^1,^1+2, 

n + if(£ 2 ,...,^+2,...,£n)©CA n , 

where rji := -^(£1 + V~ l&+i)> an d t an d ^ + denote the corresponding to the sets of 
roots Lfl-(n) an d ^Yff(n) subalgebras of H(n). 

□ 
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Remark 4.28. Theorem \.21 implies that all cominuscule parabolic sets of roots of 
H{n) are principal. One should note though that not every parabolic subset of roots 
of H(n) is principal as shown in [DFG, §3]. 

Remark 4.29. Due to the fact that for every root ej — Ej of H(n), the intersection 
H{n)i PI H(n) Sl ~ 6j is nontrivial for more than one index i, the subalgebra H(n)_i © 
H(n) is not a cominuscule parabolic subalgebra of H(n) according to our definition. 
Some authors studied versions of parabolic subalgebras of simple finite dimensional Lie 
superalgebras, which are not root subalgebras but at the same time are more restrictive 
than our definition in different respects (see for example [IOj which deals with "L-graded 
Lie superalgebras). It will be interesting to study cominuscule subalgebras in those 
frameworks. For instance H(n)_i © H(n) will be an example of such a subalgebra. 



Appendix 

In this Appendix we prove Proposition ll.151 We need to show that if a, (3, a+(3 G A, 
then [g a ,0^] 7^ 0. For all classical Lie superalgebras g, except g = sp(n), psq(n), the 
proposition follows from Proposition 2.5.5(e) in [K]. For the two remaining cases of 
classical Lie superalgebras and for g = W(n),H(n), it is sufficient to give examples 
of elements x a G g a and xp G g 13 such that [i a , i^] ^ 0. For g = sp(n),g = psq(ra), 
any nonzero x ai xp will work, see [FSSj . 

Let now g = W(n). Using the explicit description of g a provided in §4.14 we 
provide examples considering three cases for a and (3: (i) {a = Ei,(3 = Ep}, (ii) 
{a = e It j,P = £r,j <£ I}, (hi) {a = e Itj ,p = erj;j <£ I,f £ I'}- We only consider 
case (iii) as the other two are similar. Since a + G A, we may assume that j G I'. 
Then for I = {i u ...,i k } and V = i\}, i[ = j, we choose x a = £ ix . . . 

and xp = ^ . . . £jj -S-j. Then [x a , xp] will contain the nonzero homogeneous summand 

£h ■ ■ ■ €ik€i' 3 ■ ■ ■ sfT) and hence is nonzero. 

Assume now that g = H(n). The description of the root spaces g a and the graded 
root spaces g a n can be found in the Appendix A of [GP2] . The examples of x a 
and X/3 are given according to that description on a case- by-case basis. Consider 
the case n = 21, a = Ej — Ej. Let /3 — ep — Ej>. For convenience we will treat 
/, J,I f , J' both as ordered tuples and as subsets of [1, n). Note that I fl J — I PI 
I' = I' n J' = J n J' = 0. We first consider the case when either I n J' ^ 
or V H J ^ 0. Let x a = D mr]J and xp = £> %;J7 ~, where ^ := (& + y/-L£ i+ i), 

Vi+i '■= 75 (& - V-^ii+i) , 1 < i < n, and rji = % . . . rj ih , I = (h + I, . . . ,i k + I) 
whenever I = (ii,...,i k ), 1 < i x < . . . < i k < I. Then [i 91 i^] = Dp, where 

F = {vmVi'Vj,}- Here{/,,} = (-l) d -/(EU^t + ^if^)- Using 
the assumption that In J' ^ or I'd J ^ 0, we verify that [x^X/?] ^ 0. Now consider 
the case In J' = I'D J = 0. Because a + (3 G A we also have IDI' = JflJ' = 0. Take 
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k G J'. Then k^I,k^J,sowe may choose x a — ^T)i7)kT]-- j i]k-\-i cUid again x@ = D v irri . 
We have that {viVkVjnk+hVi'Vj'} an d hence [x a ,^] 7^ 0. The case n = 21 + 1 is 
treated analogously. This completes the proof of Proposition 11.151 □ 
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